The scattering of a straight, infinitely long string moving with velocity v by a black hole is considered. We analyze the weak-field case, where the impact parameter (b imp ) is large, and obtain exact solutions to the equations of motion. As a result of scattering, the string is displaced in the direction perpendicular to the velocity by an amount ∆b ∼ −2πGM vγ/c 3 − π(GM ) 2 /(4c 3 vb imp ), where γ = (1 − (v/c) 2 ) −1/2 . The second term dominates at low velocities v/c < (GM/b imp ) 1/2 . The late-time solution is represented by a kink and anti-kink, propagating in opposite directions at the speed of light, and leaving behind them the string in a new "phase". The solutions are applied to the problem of string capture, and are compared to numerical results.
I. INTRODUCTION
A cosmic string is a relativistic non-local object with an infinite number of internal degrees of freedom. The problem of scattering and capture of a cosmic string by a black hole is interesting for many reasons. In some regimes, it has features in common with the scattering of test particles. In other regimes, its non-local properties give rise to similarities with the problem of black-hole-black-hole scattering. In the process of scattering or capture, one can expect strong gravitational radiation from the string-black hole system; this radiation might be of astrophysical interest in connection with LIGO and other projects searching for gravitational radiation.
In our study of string motion we neglect the gravitational effects produced by the string (which for GUT strings are of order ∼ 10 −6 ) and assume that the width of the string is negligible (for GUT strings the width is of order ∼ 10 −29 cm). In this approximation, a test cosmic string is represented by a two-dimensional world-sheet, and its motion is described by the Nambu-Goto action 1 . From the mathematical point of view, the scattering problem reduces to finding a minimal surface which gives an extremum to the Nambu-Goto action.
We are interested in a cosmic string whose length is much greater than the radius of the black hole. For this reason, we will consider a string of infinite length. The interaction of the string with a black hole has two possible outcomes: either the string is captured by the black hole, or it is scattered. In the latter case the string absorbs some energy, so this process is inelastic.
A complete description of the final stationary configurations of trapped cosmic strings has already been given 2, 3 . Stationary trapped strings are a special case of stationary string configurations; in the Kerr-Newman spacetime, stationary string configurations admit exact solutions by separation of variables 5, 6 . The general scattering problem, and the determination of the conditions of capture, requires solving the dynamical equations and is a much more complicated problem. A numerical determination of the critical impact parameter for capture has been discussed in Ref. 7, 8 .
This paper is devoted to the analytical study of the motion of a straight cosmic string in the gravitational field of a black hole in the weak-field approximation. At early times (before scattering), and at late times (after scattering), the string is moving in a nearly flat spacetime where the weak-field approximation allows one to formulate the scattering problem in terms of "in" and "out" states of the string. For large impact parameters, the string moves at all times in a region where the weak-field approximation remains valid. Moreover, even if the impact parameter is small and the string reaches the strong-field region near the black hole, the analytic weak-field solutions of the equations of motion are important in formulating the initial and boundary conditions for the numerical computations 9 .
In this paper we derive and solve the equations of motion of an infinite straight cosmic passing near a black hole in the weak-field approximation. We demonstrate that, as a result of scattering, the string is displaced in the direction perpendicular to its motion by an represented by a kink and anti-kink, propagating in opposite directions at the speed of light, and leaving behind them the string in a new "phase". In the Conclusions, the solutions are applied to the problem of string capture, and are compared to numerical results.
II. MOTION OF STRAIGHT STRINGS
The aim of this paper is to study the scattering of an infinitely long cosmic string by a black hole. We assume that the string is initially far from the black hole, straight, and moving with constant velocity v. We assume that the gravitational field is weak and solve the equations of string motion using the perturbation theory.
Our starting point is the Polyakov action for the relativistic string 4 ,
We use units in which G = c = 1, and the sign conventions of 11 . In (2.1) h AB is the internal metric with determinant h, and G AB is the induced metric on the world-sheet,
X µ (µ = 0, 1, 2, 3) are the spacetime coordinates and ζ A (A = 0, 3) are the world-sheet
Finally, g µν is the spacetime metric.
The variation of the action (2.1) with respect to X µ and h AB gives the following equations of motion:
3)
where
The first of these equations is the dynamical equation for string motion, while the second one plays the role of constraints.
In the absence of the external gravitational field g µν = η µν , where η µν is the flat spacetime metric. In Cartesian coordinates (T, X, Y, Z), η µν = diag(−1, 1, 1, 1) and Γ µ αβ = 0, and it is easy to verify that
is a solution of equations (2.3) and (2.4) . This solution describes a straight string oriented along the Z-axis which moves in the X-direction with constant velocity v = tanh β. Initially, at τ 0 = 0, the string is found at 
8)
The first two unit vectors X µ ,A are tangent to the world-sheet of the string, while the other two n µ R (R = 1, 2) are orthogonal to it. It is easy to very that the induced metric G AB on the world-sheet of the string is of the form
(2.10)
III. WEAK-FIELD APPROXIMATION
The unperturbed solution is expressed in Cartesian coordinates.
To treat the Schwarzschild black hole as a source of perturbations on a flat background, we use isotropic coordinates (T, X, Y, Z) in which the line element of Schwarzschild spacetime is
This metric is of the form
and ϕ is the Newtonian potential ϕ = M/R.
In what follows we assume that this potential is small and write
The dots denote terms of order ϕ 3 and higher and
1 The same form (3.2) of the metric is valid for the charged black hole (with charge Q). For the Reissner-Nordstrom metric describing such a black hole, one has 1−2Φ = (
For this metric, the expansion (3.4) is also valid with
A string moving far from the black hole is moving in the perturbed metric
Here i, j = 1, 2, 3 and δ ij is the Kronecker δ-symbol.
The perturbation, γ µν , of the metric results in the perturbations δX µ and δh AB of the flat-spacetime solution (2.6) and (2.7). The equations describing these perturbations can be obtained by perturbing string equations (2.3) and (2.4). For this purpose we decompose the perturbation of the string as
where the four scalar functions of two variables, χ m (τ, σ), describe the deflection of the string world-sheet from the plane (2.6). As done earlier, we expand
powers of ϕ. We will also use the expansion of the internal metric h AB
The first-order corrections will be treated next and then applied to the general scattering problem. Second-order corrections will be discussed last to obtain the low-velocity behavior of strings.
IV. FIRST-ORDER CORRECTIONS
We start by considering effects which are of the first order in ϕ. In this approximation, the induced metric is
where,
The perturbation of the constraint equation (2.4) has the form
The tensor 1 γ AB on the two-dimensional world-sheet can be decomposed as
By comparing (4.3) and (4.5) one can conclude that one can always choose
To reach this it is sufficient to put
For this choice we have
Using (4.2) we get
In what follows we choose these gauge fixing conditions 3 .
Let us consider now the perturbation of the dynamical equation (2.3). First, we note that equation (4.6) implies that √ −hh AB is equal to η AB up to the terms which are quadratic in ϕ. As a result we have 2 In the general case besides the trace and trace-free "longitudinal" part there is also a "transverse trace-free" part γ T T AB which obeys the equation γ T T AB,C η BC = 0 (see e.g., 12 ). It is easy to verify that a regular solution of this equation on the two-dimensional world-sheet vanishes.
In these equations, 
Since "longitudinal" fields 1 χ A are already fixed by our gauge fixing condition we need to verify that equations (4.9) for m = A are identically satisfied for this choice and do not give additional restrictions. For this purpose we remark that
By using this relation and (4.7) it is easy to verify that (4.9) is satisfied identically for
Let us now discuss dynamical equation (4.9) . It has the form Using these results one easily obtains
18)
The components f R normal to the string world-sheet are components of the physical force acting on the string. The components f A acting along the string provided a motion along the world-sheet which has no physical meaning and can be removed by coordinate transformations.
V. STRING SCATTERING Equation (4.13) for string propagation in a weak gravitational field can be easily solved.
The retarded Green's function for the 2D -operator is
Using this Green's function we can write a solution of (4.13) in the form
is a solution of inhomogeneous equation and χ ± m are solutions of homogeneous equation which are fixed by the initial data 4 In this section we consider only first-order corrections to string motion. The superscript 1 in 1 χ m and similar quantities in this section is omitted for briefness.
Let us first consider perturbations perpendicular to the direction of motion (the Ydirection), described by χ 2 . We assume that initially (at the infinite past) χ 2 = 0. For this initial condition at τ 0 = −∞, χ ± 2 = 0. The asymptotic final solution (at the infinite future) takes the form
Substituting expression (4.17) for f 2 and making a change of variables of integration from (τ, σ) to (X, Z) we get
The integral represents the flux of the Newton gravitational field through the plane Y = Y 0 which is equal to 2πM (that is a half of the total flux 4πM). Using this simple observation we get that as the result of scattering the string as the whole is displaced in Y -direction by a constant value
At late but finite time only part of the string is displaced. The size of the displaced region grows with the velocity of light. The transition between the "old" and "new" phases occurs at two kinks moving in the opposite direction. The late time solution can be found explicitly, and is schematically shown in Figure 1 . The background world-sheet sweeps out a flat plane in space; denote this the in-string plane, the plane in which the motion of the string lies at early times. At late times, the scattered string approaches another plane, offset from the in-string plane down by |χ ∞ 2 |; denote this the out-string plane. As the energy acquired by the string is propagated to infinity through the two kinks, more and more of the string falls to the out-string plane. The asymptotic deflection, χ ∞ 2 , is determined by the properties of the encounter, and is given by (5.7). If a straight string starts its motion (τ = 0) at X 0 < 0, 8) and the solution has the form
We use the notation
At the moment when τ sinh β = −X 0 , the string passes at the closest distance from the source of the gravitational field. In order to study the late time behavior of the string, let us consider the limit when X 0 = −L, τ sinh β = 2L, and L → ∞. In this limit, the expression for H ± simplifies to
(5.12)
For H ± the kink is located near σ = ∓L/ sinh β. Using this fact we can further simplify the asymptotic expression for H ± and to write it in the form
At late time in the asymptotic region where g µν ≈ η µν the action (2.1) can be written as the sum of the action for the straight string and a term which is quadratic in perturbations.
This term is of the form (for details see Ref. 13 )
(5.14)
Hence the contributions of χ 2 to the energy is
Using solution (5.13) and
the integrals can be evaluated in a straightforward manner. In the limit L → ∞, the energy carried away by each of the kinks has a very simple form
where w = Y 0 coth β is the width of the kinks, and A ∞ =| χ 2 (τ = ∞) | their late-time amplitude.
One can also obtain solutions for the other components of χ m . Substituting (4.17) and (4.18) into (5.3) and performing the integrations one gets
As was done for χ 2 , expressions (5.21) can be rewritten in terms of the parameter L (with L Y 0 ),
In rewriting the expressions in terms of the location of the kink, σ = ∓L/ sinh β, one sees that, F ± → ∞ and G ± → (cosh β − 1) / (cosh β + 1). Whereas the contributions ln G ± are well behaved, those from ln F ± generate a logarithmic divergence in χ 0 and χ 1 . This divergence is the result of the long-range nature of gravitational forces and it is similar to the logarithmic divergence of the phase for the Coulomb scattering in quantum mechanics.
It vanishes for potentials vanishing at infinity rapidly enough. The perturbation solutions can be used to reconstruct the full world-sheet of the string in Cartesian coordinates, using
Such a reconstruction is shown in Figure 5 , and was also used to generate the schematic representation in Figure 1 . it is easily seen that the shape of the perturbed world-sheet is almost completely determined by the χ 2 perturbation. The contribution from the other perturbations is undetectable on the scale used in Figure 5 . At late times, the string is deflected by an amount |χ 
VI. LOW-VELOCITY LIMIT
As was already mentioned, the components f R normal to the string world-sheet are components of the physical force acting on the string. As can be seen from (4.17), the force f R acting on the string vanishes in the limit v → 0. This fact has a simple physical explanation. As was shown in 5 , a static string configuration in a static spacetime is a geodesic in a spacetime with the metric |g 00 |g ij , which in our case takes the form
In the leading order, Φ = Ψ = ϕ, and the string is a straight line 1 . In other words, in the first-order approximation a force acting on a static string in a static spacetime of a black hole vanishes. For this reason, the leading terms in the expansion of the force are of the second order in ϕ, and they remain so until v/c ∼ (GM/b imp ) 1/2 . In this section we discuss the effect of these second order terms on the motion of the string in the limit of very small velocities.
Substituting (3.8) into the dynamical equations (2.3) we get
where the -operator is given by (4.12) and, 
VII. CONCLUSIONS
We analyzed the motion of a cosmic string in the gravitational field of a black hole in the approximation where the field is weak. In particular, we demonstrated that after passing the black hole, the string continues its motion with the same velocity v as before
